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Unit:5

Integration

Indefinite Definite
Integral Integral



Indefinite
[ntegral



Antiderivative

Inverse of differentiation is called Integration. Suppose
F‘(x)=f(x), then F(x) is called the integral or
antiderivative of f(x).

In general if F(x) is the antiderivative of f(x) and C is
any constant then F(x)+C is also antiderivative of f(x)
as

9 Fx)+C)=F' (0= (x)
dx

It means that if f(x) possesses an antiderivative then
it possesses infinitely many antiderivatives.



Indefinite Integral

Let f(x) is any function, then collection of all

antiderivatives of f(x) is know as indefinite integral of
f(x) and it is denoted by j f (x) dx.

Hence %(F(x)w):f(x) iff jf(x)dx:F(x)+C

where F(x) is antiderivative of f(x) and C is
constant of integration.



=
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jf(x)d

to x






cos(x) dx=sin(x)+C
sec xdx=tan(x)+C
 cosec’xdx=—cot(x)+C

cot(x) dx=logjsin(x)|+C

'sec(x) dx=log sec(x)+tan(x)\+C

.' sin(x) dx=—cos(x)+C

:sec(x) tan(x) dx=sec(x) +C

: cosec(x)cot(x) dx=-cosec(x)+C
: tan(x) dx=-log|cos(x) +C

 cosec(x) dx= logleosec(x) - cot(x)|+C



Some Properties of Integration

d
S e0a) =100
[ (£ 00+g00)dx=] f (x)dx+ [ g(x) dx

[(F(0-g(x))dx= f (x)dx— [ g(x) dx
: K t(x)dx=K j f (x)dx for some constant K




Some Solved Problems

Q.1. Evaluate I (X2 —2X+ 3)dX

Sol. J'(x2 —2x+3)dx =_[x2 dx—2jxdx+3jdx

X [ x°
=—-2 ? +3x+C , where C is constant

3 of integration

XS

== _x°+3x+C
3



Q.2. Evaluate J(ZX —§+tan(x) —COS(X)j dx
Sol. J (ZX —§+tan(x) —cos(x)j 0D
X

:jzx dx—SI%dx—JCOS(x) dx

. 2X
~log(2)

—3log|x|—log|cos(x)|—sin(x) +C

where C is constant
of integration



Integration by Substitution

So many problems of integration can be solved easily
by method of substitution. Two fundamental
deductions are given below:

F O
i, j i dx=log| f (x)|

. _(f(x))n+1 y
2.j(f(x)) f'(x)dx=2==2—+C wheren = -1

Note: Here we substitute f(x)=t
f'(x)dx=dt

and then integrate.



Solution by Substitution Method

J‘ 2X+3
X°+3X—8

Q.1. Evaluate 0D

Sol. Put x* +3x—8=t
= (2x+3)dx=dt

2X+3 dt
Jx2+3x—8dx ZIT

=log|t|+C

=log x2+3x—8‘+C



Q.2. Eval

Sol.




To solve integrals of the form:

[ sin PX COS gx dX ,jcos pX sin gx dx,

[ oS PX COS gX dx &fsin pX sin gx dx

Here we will use the following trigonometric relations:

(i) 2sin AcosB=sin(A+B)+sin(A-B)
(ii) 2cos Asin B=sin(A+B)-sin(A-B)
(iii) 2cos AcosB=cos(A—B)+cos(A+B)
(iv) 2sin Asin B =cos(A—B)-cos(A+B)



Example:

Q.1. Evaluate I 2C0S6XCcos4xdx

Sol. J 2c0s6xcosdxdx = [[cos(6x—4x)+cos(6x-+4x)]dx

= : c0s(2x )+ cos(10x )] dx

h Sin 2X . sIn10x e

2 10

[used jcos(ax +b)dx= sin(a: +b) +C }




To solve integrals of the form:

Isin " x cos" XxdX , where m and n are positive integers.

1. If m is odd then substitute cos x = t.

2. If n is odd then substitute sin x = t.

3. If both m and n are odd then we can substitute
eithercosx =t or sinx = t.



Example:

Q.1. Evaluate I sin® x cos® x dx

Sol. Let I = [sin® xcos® x dx

— | sin® xcos? x cos x dx :jsin6 x(l—sin2 x)cosxdx

Put sin x=t,then cos xdx=dt
9

| =[to@-t?)dt=[t° —t8)dt=;—%+c

_sin”x  sin® X
7 9

+C



Some Special Integrals

j . dX:Sinl(ijﬁ'C j A dX:COsl(EJ-I-C
a° e a at-x° a

j . dx:isecl(ijw j B dx:écosecl(ljw

2 2 a X /XZ_aZ a a

Xy X" —d .
j 21 2dx:étanl(ijw j 2_12dx:1cotl(§j+c
X" +d .- a e a




+C

dx:log‘x+\/x2 +a’

1
J‘\/x2+a2

+C

dx=|og‘x+\/x2 —a’

1
o

j . dx=ilog i

3 > +C
X —a 2a X+ a

+C

J‘ 1 dxziloga+x
a- e 2a |la—X



Examples:

Q.1. Evaluate I : 0D

9+16 x°

1 1 1 1
dx = dx = d
> J9+16x 1 16-[x2+9/16 ‘ 161x2+(3/4)2 [

e i e
16 3/4 3/4







Product Rule of Integration

juvdx:ujvdx—j/du

jvdx

here u and v both are functions of X’ u is the first
function and v is the second function.

\

J

dx



Tips for choosing 15t and 29 function

We choose first function which appears first in the word

ILATE

Inverse -
Trigonometry
Functions Algebralc
e.g. sin”'x, Functions Trigonometr
cos™'x €.g. X, X°+2 Functions )
e.g. cos(2x),

tan(x)



Some Problems on Product Rule

Q.1. Evaluate I X COS 2X dX

Sol.j>|<co§|2xdx xjcostdx j( J'costdxjd

mn2x_j$n2x

2
_ XsIn 2X | cos 2X

2 4

dx+C

+C




Q.2. Eval

Sol.




To solve integrals of the form:

jeX(f (x)+ f'(x))dx

jeX(f(x)+ f'(x))dx :jex f(x)dx+jex f'(x) dx
— ()" dx— [ (£00) [ e axJax+ [ e* (x)
:f(x)ex—j f'(x)e” dx+jex f'(x)dx+C
=f(x)e*+C



Example

| . 1
Q.1. Evaluate j e [sm "X+ ; 2jdx
X

Sol.JeX[sin1x+ ! jdx
1—x°

d 1
=sin" xje dx — j( g Xje dx)dx+je 1 2dx

B
de+je . dx+C

—sint xe*—
j\/1 X*

=sin'x e*+C



Definite

[ntegral



Definite Integral

Let f(x) be any function and F(x) be the antiderivative
of f(x) defined on [a, b], then
b

f(x)dx=[F(x) L=F(a)~F(b)

a

is called the definite integral of f(x) with respect to x
from x=a to x=b.

‘a’ is called the lower limit of integration and ‘b’ is
called the upper limit of integration.

Note: While evaluating definite integral, arbitrary
constant ‘C’ is not added as it cancels automatically.



Some Solved Problems

3

Q.1. Evaluate _[ (— X2 + 2X + /X )dx

1

3 P ; o

Sol. I(—X2+2X+\/;)dx: _§+X2+§X2
1

A 1

3 | 3 B
Bl e 2
3 3 3 3

:_2\/__ﬂ
3




e

Q.2. Evaluate




Some Standard Results

1. To evaluate J'sinn x dx or jcos” X dx
0] 0]

where n is positive integer.
Case (i) : When n is an odd positive integer

% %

j sin” x dx = j cos” X dx = (n—1)(n—3)...upto positive factor
0 0

n(n—2)...upto positive factor
Case (ii) : When n is an even positive integer

% %

7 (n=1)(n—3)...upto positive factor

jsin” Xdx = jcos” X dx = —
) ) n(n—2)...upto positive factor



%

2. To evaluate j sin” xcos™ x dx
0

where n and m both are positive integer.
Case (i) : When either n or m or both are odd.

2
j sin" xcos™ x dx
0]

((n=1)(n—-3)...upto + ve factor )((m —1)(m—3)...upto + ve factor)

(n+m)(n+m—2)...upto positive factor
Case (ii) : When either n or m or both are odd.

)

j sin" xcos™ x dx
0]

7 ((n—1)n-3)...upto + ve factor )((m—1)(m—3)...upto+ve factor)

2 (n+m)(n+m—2)...upto positive factor




Some Solved Problems

7

Q.1. Evaluate j cos” x dx
0

| ?COSSXdX— bl ©

! d 5x3x1 15
7

Q.2. Evaluate j sin® x dx
0

7
Sol. jsinGde= X
A 6x4x2 48 16




%

Q.3. Evaluate j sin® x cos® x dx

72 : { BEx3x1x4x?2 8
Sol. j5|n6xcos5xdx= b
A 11x9x7x5%x3x1 693

T

2
Q.4. Evaluate J sin“ x cos® x dx

1 0
7 r 3xIx5x3x1 3«

Sol. jsin“xcosﬁxdx: v
A 210x8x6x4x2 512

7
Q.5. Evaluate j sin® x cos® x dx
% 0 4x2x2 1

Sin° X cos® X dx = -
Sol. ! SO 24



Applications
of

Integration




Definite Integral as Area Under
a Curve

If f(x) be a continuous non-negative function in
la, b]. Then the area bounded by the curve y=f(x), the
ordinates x=a, x=b and the x-axis is given by

b

jf(x)dx

a



Area Under the Curve

How to find the area under a curve,
between x=A, x=B and
above the x-axis?



It is possible to find the exact area by letting the
width of each rectangle approach zero. Doing this
generates an infinite number of rectangles.



14
Area=R +R, +..+R;+R, =) R
i=1

As the number of rectangles used to approximate the area of
the region increases, the approximation becomes more accurate.



Area ~ sum of the areas of the rectangles

= S)m (height) e (base)

=‘ f (x) Ax

= Sbf (X) dX The formula looks

like an integral.

a




The Fundamental Theorem of
Calculus

Area = j x)dx = F(B)—F(A)

where F'(x) = f (x)



Conclusion

As the number of rectangles used to approximate the
area of the region increases, the approximation
becomes more accurate.

It is possible to find the exact area by letting the width
of each rectangle approach zero. Doing this generates
an infinite number of rectangles.

The Fundamental Theorem of Calculus enables us to
evaluate definite integrals. This empowers us to find
the area between a curve and the x-axis.



Some Solved Problems

Q.1. Evaluate the area under the curve y= 2x+1, between

the ordinates x=0, x=2 and the x-axis.

Sol. The given curve is y= 2x+1. Also y is continues
non-negative function between x=0 and x=2.

Thus the curve lies above the x-axis.

2 2 2
So, Required Area= j y dx = I (2x +1)dx = {2 X? + x}
0 0]

A

22

j+2
2

2

0

—0=6s0.units



Q.2. Find the area under the curve y?=x, between the
ordinates x=1, x=4 and the x-axis in the first quadrant.

Sol. y?=x is a right handed parabola which is symmetric
about x-axis. Area bounded by this parabola between
x=1 and x=4 in first quadrant is given by:

- 4

4 4 3
dx =[x dx=| 2—
-!.yX!XX_%_l




Numerical Integration

Numerical integration is a process to evaluate the
definite integral from the tabulated vales of the
Integrand. We will the following rules to find the
approximate area under the curve:

1. Trapezoidal Rule
2. Simpson’s Rule



1. Trapezoidal Rule

Let AB be the graph of the
curve y=f(x) between x=a

and x=Db.

Divide the interval [a, b]
into n equal subintervals.

So width of each subinterval

is h:b—a.
n
We get n+1 values of x on

X'aXiS i.e. X]_ ) X2 ) X3 y Xn ) Xn+]_

and there corresponding n+1
valuesof yi.e. Y1, Y21 Y3 Yn s Ynua




Now area under AP is approx1mately equal to the area
of the Trapezium ALNM = (y1 +Y,)

So, Total area under the curve AB is given by
J ydx = Sum of Areas of all Trapeziums

a

h h
—(y, + y3)+---+§(yn + Vs1)

h
=§(y1+yz)+ >

h
:E[(y1 + yn+l)+ 2(y2 T Y3 t...+ Y, )]

b
: h
Required Area :jydx =E[(y1 + Vg )+ 2(Yo + Y3+t Y, )]

a



2. Simpson’s Rule

Let AB be the graph of the curve y=f(x) between x=a and x=b.

Divide the interval [a, b] into 2n equal subintervals.

So width of each subinterval is p—2=2

As number of intervals is even so that the number of
ordinates is odd.

Y1,Y2: Y3 Yon» Yoni1 De the ordinates.

The approximate area under the curve is given by:
b

h
. y dX :g[(h + Y2n+1)+ 2(Y3 tYst...+ Y2n—1)+4(Y2 +Yq .t Yo )]

a



Observations:

In the Simpson’s one third rule n is always even.
In the Trapezoidal rule n may be even or odd.

The results given by Simpson’s rule are more
accurate than the results given by Trapezoidal rule.

n = number of subintervals
a = lower limit

b = upper limit
h_p-a
n



Some Solved Problems

Q.1. Find the area under the curve y=x° by Trapezoidal
Rule using 7 equal intervals where 0<x<7.

Ans. Here y=x*, a=0, b=7 n=7

h:b—a:7—O:1
n 7
X, =a=0 Xs =a+4h=0+4=4
X, =a+h=0+1=1 Xg =a+5h=0+5=5
X3 =a+2h=0+2=2 X; =a+5h=0+6=6

X, =a+3h=0+3=3 Xg =a+6h=0+7=7



y, =x2=02=0 Y5 =Xg =4° =16
Y, :x§ =1°=1 Ve =X§ =5%=25
ys =x2=22=4 Y7 =X5 =6° =36
Y4 =Xg — SN Vg =X5 =7° =49
X o 1 2 3 4 5 6 7

o 1

Yy 4

Using Trapezoidal rule:
7

36

49

. h
Requlred Areazj X dx:;[(yl + y8)+ 2(Y2 TYst+tYatYstYe T Yy )]

0

:%[(0+49)+ 2(1+4+9+16+25+36)

231
]:_

=115.5
2



1

Q.2. Evaluate i dx by Trapezoidal rule using 8 equal

1+ X
Intervals.
1
Ans. Here Y=——, a=0, b=1 n=8
1+ X
e
n 8
X o 0.125 |0.250 [0.375 |0.500 [0.625 |o0.750 |0.875 |1

0.7273 0.6667 0.6154 0.5714 0.5333 0.5



Required

1 0.125 [(1

2
0125

5714 +0.5333)]

= ——""]11.106]

A 1.38825 06041




9

Q.3. Evaluate j (x2 +1)dx by Simpson’s rule using 8 equal
il
Intervals.

I
oo

Ans. Here y=x°+1, a=1 b=9 n

~b-a 9-1

h 1

q 3




=

Using Simps

Required

+37+65)]



